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In terms of the Euclidean coordinates X on IR

we can express any vector field X IR R as

Xcx x a'Cx xn a Cx xn

i
Smooth functions

n

I ai e fei Std basis of B
i

Since Ei corresponds to as operators therefore

X a ta t a n

Since vector fields can be viewed as operators on IR

we can consider their compositions

Y
Ccpi scary s Earn

Y X

i.e f 1 2 X f 1 7 Y X f

or f 1 3 Y f X TH



Question Does X TH Y X f

Yes for X i Y 37 since mixed partial

derivatives commute
z g z

No in general

Def'd For any vector fields X Y ou B we define their

Lie bracket as

X Y XY Y X

i.e X Y f X Y Cfl Y X ft

V f E Cair

coordinate vector

Note I 0 fields commute

Lemma X Y is a vector field

Proof Write X Fz Ai i i Y II BJ j

X YA E ai i II b 3



II aibi zai3b f
Similarly 11

YCXCfs iEe aiBJ it bi 7

x y if EE ai 3 EE bi 3 IF
i e x Y ai 3 bi Ia

a vector field
D

Now we recall how to take directional derivatives of

a vector field in B one natural way is to differentiate

component wise

D Y D iEaiZ i Xlailfzi



Equivalently fix a point p c IR to compute D Y p

we take ANY curve NS.t X o p and x'co Xp

D Y Cpl oYCacti Y
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Properties of D Y Let X Y Z be vector fields on B

a b E B be constants f E CR We have

1 Linearity in both variables

D a Y b 2 a D Y t b 13 2

Dax by 2 a 13 2 t b Dy 2

2 Liebniz rule Dx FY X f Y fD Y

3 Tensorial Df Y f D Y

4 Torsion free D Y D X X Y

5 Metric compatibility

X C Y 2 D Y Z t X 13 27


